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Abstract 

We investigate the structure of the Hecke algebras related to the 
unimodular and modular group over hermitian fields and definite 
quaternion algebras. In particular we show that in general there is 
no decomposition into primary components. We can give a set of gen- 
erators and in some special cases we deduce the law of interchange of 
the Siegel ^-operator. 

1 Introduction 

Many arithmetical informations, i.e. the attached ^-functions, of modular 
forms are related to the action of the associated Hecke algebras. These Hecke 
algebras have been investigated for many principle ideal domains |Kri90 



Kri87] . Nevertheless the case of non PIDs remains mysterious until now. In 



Ens08j evidence has been provided that it behaves differently. 

We prove that the Hecke algebras in question for hermitian fields and 
quaternionic algebras are subalgebras of their adelic analogs. The point 
of view suggested by this discovering makes it possible to deduce a set of 
generators and determine how far the algebras are from having a primary 
decomposition. 
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In the general PID case, in addition, we are able to deduce the yet un- 
proven law of interchange for the Siegel ^-operator. 

In |Rau09| we proved that the equivalence class of any unimodular or 
modular matrix in quadratic extensions of fields and quaternion algebras 
is completely determined by its adelic elementary divisors. In addition we 
investigated which adelic elementary divisors may occur. This statement can 
be used to investigate the structure of the related Hecke algebras. 

2 Embeddings of integral Hecke algebras 

Let K be a number field and denote its ring of integers o^. Depending on 
the case we treat, Q will either denote a field extension of K or a central 
simple .fT-algebra and A will always be a maximal order of Q. Note that 
we don't exclude K = Vt. The set of finite places of Vt will be denoted 
and the set of all infinite places Q^. For p G 0[ the completions of Q, A 
etc. with respect to p will be denoted Q p , A p etc.. The f2^-integral adelic 
algebras associated to fl and A will be denoted f^A and Aa. 

Let n G N and whenever A is non commutative assume n > 2. Define 
GL n (AA) C GL„(Aa) to be the group generated by all matrices + al^ 

where a G Aa and i ^ j. Here I n is the identity matrix and is the n x n 
matrix with only zeros but a single one in the i-th row and j-th column. 
Moreover let Inv n (AA) be the monoid of all matrices which are invertible over 
the fraction ring of A A . In analogy with this case define GL„(A p ), Inv n (A p ) 
etc.. 

Two elements a, b e A are called similar, denoted a ~ b, if there are units 
u, v G A x such that a = ubv. 

If there is an involution 7 of the algebra extension Q\K which fixes K 
elementwise and preserves maximal orders we can define the set of all matrices 
with similitude m G K x . To do so, denote the matrix transpose by M tr and 
define M* := M* r for any matrix M G M n (Q). 



itude contains the modular group Sp n (f2) := UmeoJ, A n (f2,m). We point out 
that most authors let K — Q and only treat similitudes m G N. This is no 



A n (fi, m) := {M G M 2n (Q) : M*JM = mJ} with J 




The monoid A n (Q) := [j 



Wo K \{0} 



A n (Q, m) of all matrices with integral simil 
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restriction, as we will see, since using A n (Z, 1) every matrix may be reduced 
to a diagonal matrix. Hence it is possible to choose a multiplicative set of 
representatives of (ox\{0}) / o K and for K = Q this yields the aforementioned 
choice. 

Recall the definition of a Hecke algebra. Let G be a group and let H C G 
be a monoid such that each double coset GhG, h G H considered a set 
is a finite union of pairwise distinct right cosets Ghi, hi G H. Then the 
Hecke algebra H(G, H) over Z is defined to be the free Z-module with basis 
{GhG : h G H}. To define the multiplication of two double cosets GhG 
and GhG fix one system of representatives hi and hj for their right coset 
decompositions. There is a well defined multiset of double cosets [GhiG]i such 
that [Ghihj]ij = \Ji\Jj[Ghi t j] where GhiG = {JjGh it j. Hence the product 

GhG ■ GhG = £ 4 GhiG is well defined. 

We will call the Hecke algebras associated to groups which have coeffi- 
cients in A the integral Hecke algebra. The terms local Hecke algebra and 
adelic Hecke algebra will be use analogously. 

We will treat several settings in parallel. In. the unimodular case we 
assume Q to be a finite central simple K algebra. In the modular case we 
distinguish the hermitian and the quaternionic case. We either assume that 
Vt\K is an extension of fields of degree 2 and 7 is the Galois conjugation or 
that Vt is a quaternion algebra and 7 is its canonical involution. 

We first point out that the approximation lemmata given in [Rau09j can 
be used to show that the right coset decomposition of any double coset and 
its adelic decomposition into right coset are in one to one correspondence. 

Lemma 1. Let M G Inv n (A) and GL n (A A )MGL n (A A ) = |j i GL n (A A )M i 
with Mi G Inv n (AA). Then there are integral matrices Mi G Inv n (A) such 
that GL n (A A )Mj = GL n (A A )Mj and GL n (A)MGL n (A) = U i GL n (A)M i . 
An analogous statement holds true for M G A n (A, m), m G Ok \ {0}. 

We only Prove the unimodular case, since the modular case is completely 
analogous. 

Suppose there is an adelic right coset GL n (A A )M C GL n (A A )MGL n (A A ) 
with M G Inv n (A A ). Then there is a matrix V G GL n (A A ) such 
that GL n (A A )MV = GL n (A A )M. Choose G o K \ {0} such that 
mM" 1 , mM^ 1 G M n (A A ) and an approximation V G GL n (A) modulo mA A 
of V. Then M\'M ■ and M(MV] r 1 are integral in M n (fi A ) and hence 
GL n (A A )MV = GL n (A A )M. 
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On the other hand a standard argument shows that two right cosets which 
are distinct with respect to A are also distinct with respect to Aa- □ 

This immediately yields a structure theorem for integral Hecke algebras. 

Theorem 2. The integral unimodular and moduar Hecke algebras 
7Y(GL n (A), Inv n (A)) and W(Sp n (A), A n (A)) are subalgebras of the adelic 
analogs H(GL n (A&), Inv n (AA)) and H(Sj) n (A&), A„(Aa)), respectively. The 
embeddings map a double coset over A generated by M to the adelic double 
coset generated by M. 

We want to point out that the exceptional modular case Q = K and 
7 = id.K, which corresponds to the symplectic group, builds up the complete 
picture. Here the integral and the adelic Hecke algebra are isomorphic. 

The adelic Hecke algebra inherits a tensor product decomposition from 
Aa- So does the Hecke algebra over A whenever it is a principle ideal domain. 
We will see that this is no longer true for the Hecke algebra over any A which 
is not a PID. First evidence for this behavior in the hermitian modular case 
was found in [Ens08j by means of elementary methods. This phenomena will 
be investigated in section [U 

3 Adelic Hecke algebras 

The first question arising from the preceding section is how to understand 
the structure of the adelic Hecke algebras. This is easy for the unimodular 
case. We immediately see that 

H(GL n (A A ), Inv n (A A )) = (g) ft(GL n (A p ), Inv n (A p )). 

The modular case is more involved. Surprisingly the quaternionic case 
is much easier since the canonical automorphism acts trivially on This 
yields an analog decomposition of the adelic Hecke algebra as in the unimod- 
ular case. 

tt(S Pn (A A ), A„(A A )) = (g) W(Sp n (A„),Inv fl (A p )). 
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One import case remains to be treated. This is the hermitian modular 
case. The Galois conjugation acts non trivially on split prime ideals in A. 
For the associated p G fl^ define the monoid of resticted invertible matrices 
Inv^ es (A p ) C Inv„(A p ) x N to be the set of all pairs (M, I) such that p'M" 1 
is integral. 

Let us first present the result. 

H(Sp n (A A ), A n (A A )) 

= ^(Sp„(Ap), A n (A p )) ® (g) H(Sp n (A p ©Ap)), A n (A p ©Ap)) 
p=pgo{ {p,p} :p ^pen{ 

= <g) W(S Pn (Ap), A n (Ap))® (g) 7^(GL n (A p ), Inv^ es (A p )). 
p=pgo{ {p,p}: P ^pen{ 

Here GL n (A p ) acts trivially on the second component of Inv^ es (A p ). The first 
isomorphism is clear since the definition of modular matrices only involves 
M and M. 

We have to Prove that 

W(S Pn (A„ © Ap), A n (A p © Ap)) = 7i(GL n (A p ), Inv^ es (A p )). 

Write (Mp, M- P )=M e A„(A P © Ap, m) where m G FixT(A p © Ap) \ {(0, 0)}. 
The restriction M*JM = mJ is equivalent to Mp = mJ~ 1 (M~ 1 )*J. Since 
Mp has to be integral mM~ l has to be integral, too, and this completely 
determines M. The right and double coset decomposition only depends on 
the first component and this proves the statement. □ 

The theorems on generators of primary components given in |Kri90| and 
|Kri87| generalize to all local Hecke algebras mentioned above. To see this in 
the unimodular case remember A p = M r (D) for some local divison algebra 
D and some r G N. Then Inv n (A p ) = \mr Tn (D) and we can choose some 
prime element 7Td G D. The quaternionic modular case as well as the non 
split hermitian modular case behave completely analogously to the primary 
components of the Hecke algebra of the Hurwitz order and the PID hermitian 
Hecke algebras, respectively. In the split hermitian modular case we can 
proceed as in the unimodular case, since GL 2n (A p ) leaves invariant the second 
component of Inv R ^ s (A p ). 

Let [Bi, . . . , Bi], % G N denote a block diagonal matrix. 
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Lemma 3. A) A set of generators of H(GL n (A p ) , Inv n (A p )) is given by the 
double cosets % for i — 1, . . . ,rn. Each Tj is the double coset associated 
to [I nr ^i,ir D Ii] G M nr (D) = M„(A p ). Notice that for the Hurwitz order 
this corresponds to the generators satisfying ei\\ei + i given in \Kri81}. 

B) In the inert hermitian modular case suppose no = tTd- A set of generators 
of 7i(Sp n (A p ), A n (A p )) is given by Tj with i = 0, . . . ,rn. Here T is the 
double coset associated to [I nr , nr,I nr \. The Tj, i — 1, . . . , rn are double 
cosets associated to [I rn -i, 7TD-/j, 7r£/ rn _j, irnh]- 

C) In the ramified quaternionic case and in the ramified hermitian modu- 
lar case a set of generators of 7i(Sp n (A p ), A n (A p )) is given by Tj with 
i = 0, ...,rn. The T i} % = 0, ...,rn are double cosets associated to 

[Im-i, ^Dhi^DT^Dlrn-h ^dU] ■ 

D) In the split hermitian modular case a set of generators of the Hecke al- 
gebra 7i(GL 2n (A p ), Inv^ s (A p )) is given by Tj, i — 0, . . . , 2n. The % are 
double cosets generated by [Izn-i, tTd-^]- The second component of each 
Ti is 1. 

E) In the split quaternionic modular case a set of generators of the Hecke 
algebra 7i(Sp n (A p ), A n (A p )) is given by S, S' and R2, . . . , R<in- Here S is 
generated by [J 2n , TT D I 2n ] and S' is generated by [hn-i, ttd, ^Dhn-2-, 1, kd]- 
The R 2 i are generated by [I 2n -2i, ^ohi-, ^£)hn-2i, ^Dhi] and the R 2 i-i are 
generated by [I 2n -2i+i, ^ohi-i, K 2 D I 2n - 2i , ir D , n 2 D , ir D I 2i _ 2 ]. 

All these Hecke algebras are commutative and all sets of generators are 
algebraically independent. 

Proof. Proceed as described above. The last statements follow from the 
existence of the canonical antiisomorphism ■* of the Hecke algebra and from 
counting the double cosets with fixed maximal elementary divisors or fixed 
similitude, respectively. □ 

To investigate the structure and determinate generators of the integral 
Hecke algebra we need to prove one further lemma. It is a far generalization 
of well known lemmata one the multiplication of certain elements of the 
primary components, yet easy to prove. 

For the rest of this section we will only be concerned with the local Hecke 
algebras. We will identify double cosets M with the ordered set of their 
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defining elementary divisor valuations e(M) := (ei(M) < • • • < e rn (M)) in 
the unimodular case or (e(M) := ((ei(M) < • • - < e rn (M)),Z) where m ~ p' 
and 2 | /, if p is ramified, in the modular case. The split hermitian modular 
case is an exception. In this case we will identify the double cosets with 
(e(M) := (ei(M) < < e 2n {M)),l) where m ~ {pp)K Here e,(M) is the 
valuation of the i-th elementary divisor e«(M). 

Remember the p-rank of a double coset. It its the rank of any generator 
of the double coset in A p /pA p . 

An important ingredient to prove the preceding lemma was that for any 
double coset M we have T { M = P + £\ Rj, where e(P) = e(T t ) + e(M) and 
Rj is a double coset which has p-rank less than the p-rank of P. We are now 
going to generalize this for the product of arbitrary double cosets. To do so 
let us introduce an ordering on the double cosets. 

(e(M), /) < (e(M'), I') (/ < I') V (I = I' A e(M) < e(M')) 

e(M) < e(M') 3z : e^M) > e^M') A Vj < i : %(M) = %(M'). 

An induction on the double cosets with respect to this ordering yields 

Lemma 4. Given double cosets M and N we have MN = P + Rj where 
e(P) = e(M) + e(A r ) and Rj are double cosets satisfying Rj < P. 

4 The integral Hecke algebra 

In section [2] we have already shown that the integral Hecke algebras are 
subalgebras of the adelic ones. We will now give a set of generators and 
prove some results on it, that renders their computation possible. One special 
case which gave rise to the presented investigation will be given explicitely. 
Here we can even prove the minimality of a set of generators with respect to 
inclusion. 

Let e(M) denote the tuple of all local elementary divisor valuations 
(e p (M)) pGn /. Let G be the set of all double cosets M in Inv„(A) or A n (A) 
such that whenever e(M) = e(A^i) +e(A^) for two double cosets Ni, N 2 over 
A it follows that one of them is trivial. In |Ens08| Ensenbach called some 
double cosets satisfying this property indecomposable and for the sake of 
uniform naming so will we. Nevertheless due to [4] one should think of them 
as irreducible elements of the Hecke algebra. 
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Using the definition of G and lemma [4] we immediately see that G gen- 
erates the Hecke algebra as a Z-algebra. This renders the indecomposable 
double coset important and we want to deduce an upper bound for the num- 
ber of places with non trivial local elementary divisors as well as on the 
number of distinct local elementary divisors. 

We may regard any local elementary divisor as an element of the Picard 
group. In |Rau09| we proved that an adelic double coset is the image of an 
integral double coset if and only if the sum of its elementary divisors is zero 
in Pic(A). Denote the order of the Picard group by h\ and its exponent by 
e\- Furthermore consider the fundamental divisors of a matrix or double 
coset. Set := - ej_i with e := (0) pen /. 

Suppose h\ 7^ 1. Any double coset with / P)i > e\ for some p and i 
is decomposable. Consider a double coset M and assume / Pi j < for all 
indices. Suppose that there are at least 6a := (^a — l)^" 1 + 1 pairwise 
distinct and non conjugated places p 6 fl[ such that fp(M) is not trivial. 
Then we may find a subset of e\ places pj and indices ij such that in Pic (A) 

we have p^vS • (n + 1 — ij) = 0. Hence M is decomposable. 
This proves 

Lemma 5. The set G of indecomposable double cosets generate the Hecke 
algebra. Moreover there is an upper bound to the number of places where any 
irreducible double coset is non trivial and there is an upper bound for the 
valuation of the local elementary divisors. 

Since the indecomposability of any double coset only depends on the 
valuation of its elementary divisors and the images of the local left ideals 
in the Picard group, there are in deed only finitely many cases we have to 
consider. In the quaternionic modular case the Picard group's exponent is 
2 and hence the set of indecomposable double cosets is easy to derive. In 
the hermitian modular case the set of indecomposable double cosets may 
becomes rather big. Using the following idea the computation is feasible. 

First consider a decomposition into cyclic p-groups Pic = @ r i=1 {C p ni) li 
with pairwise distinct pairs (pi,r)i). Notice that any integral double coset 
vanishes in each component of the Picard group. A double coset is inde- 
composable if and only if it is indecomposible with respect to each of these 
components. Hence we may assume that Pic(A) = C p v for one prime p and 

i] e N. 
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Consider the multisets [cj] of elements in Pic(A) such that J2i c i = 
and for any submultiset [q] we have J2i c i 0- Given one of these multi- 
sets consider the multisets of pairs of places and indices (pj, ij) satisfying 
pj(n + 1 — ij) = Ci. These multisets correspond in an one-to-one manner to 
indecomposable double cosets M by virtue of 

VpV* e {1, . . . ,n} : #{j : p, = p V ij = i} = / M (M). 

To illustrate this helpful devise let us write down one example. We will 
calculate the indecomposable double cosets in the hermitian modular case 
with class number 2 for n = 2. 

So lets first consider those cosets which have prime similitude p G Ok- 
If p is inert the valuation of the elementary divisors of irreducible cosets 
are (0, 0, 1, 1), (0, 1, 1, 2) and (1, 1, 1, 1). If p ramifies there are indecompos- 
able double cosets (1, 1, 1, 1) and (0, 0, 2, 2). Moreover if the ramified prime 
ideal above p is principle, (0,1,1,2) is indecomposable, otherwise (0,2,2,4) 
is indecomposable. 

If p splits we have to distinguish two cases. If it splits into principle ideals 
all indecomposable double cosets have similitude p and the valuation of the lo- 
cal elementary divisors over A p are (0, 0, 0, 0), (0, 0, 0, 1) (0, 0, 1, 1), (0, 1, 1, 1) 
and (1, 1, 1, 1). If it splits into non principle ideals those indecomposable dou- 
ble cosets with similitude p are (0, 0, 0, 0), (0, 0, 1, 1) and (1, 1, 1, 1). In addi- 
tion there are three which have similitude p 2 . They are (0, 1,1,2), (0, 2, 2, 2) 
and (0,0,0,2). 

There remain those double cosets which have similitude P1P2 with distinct 
primes p\ and pi- They are the product of exactly two adelic double cosets 
(0, 1, 1, 2) if pi ramifies and (0, 1, 1, 1) or (0, 0, 0, 1) with similitude pi if pi 
splits. 

Actually this is a minimal generating set with respect to inclusion of sets. 
This can easily be seen by the algebraic independence of the generators of 
the adelic Hecke algebra. 

4.1 The law of interchange for the Siegel ^-operator 

The application of these result to the theory of modular forms renders the 
following question important. One is interested in proving that the Siegel-$ 
operator is surjective. Suppose A is a principle ideal domain, (#A X ) | r G N 
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and n > 2 if A is commutative, n > 3 otherwise. To define 

$ r : Q <g> W(S Pft (A), A n (A)) - Q ® W(Sp^ a (A), A n _x(A)) 

consider the underlying modules of linear combinations of right cosets. Fix 
a set of right coset representatives hi of a double coset M and suppose 

/ Ai O^" 1 ' 1 ) Bi *\ 

yo^ 1 '™- 1 ) o o^™- 1 ) sj 

Then $ r (M) := £^Sp n (A) g) Sp n (A). 

Since we identified the integral Hecke algebra with the adelic one, our 
final theorem can be proved by a standard counting argument. 

Theorem 6. The map $ r is surjective except if A is non commutative and 
r = In — 1 or r = In — 2. 

For a Proof consider Krieg's extensive studies of the Hurwitz order in 
|Kri87| . Note that in the quaternionic case he writes 5 r l 2 instead of 5 r . 
All his arguments are still valid, but we have to replace p by #(A p /pA p ). 
This doesn't change the underlying systems of linear relations for the images 
of the Hecke algebra's generators. □ 



References 

[Ens08] Marc Ensenbach. Hecke- Algebren zu unimodularen und unitaren 
Matrixgruppen iiber Dedekind-Ringen. PhD thesis, RWTH Aachen 
University, 2008. 

[Kri87] Aloys Krieg. The Hecke-algebras related to the unimodular and 
modular group over the Hurwitz order of integral quaternions. Proc. 
Indian Acad. ScL, Math. Sci. (Ramanujan Birth Centenary Vol- 
ume), 97(l-3):201-229, 1987. 

[Kri90] Aloys Krieg. Hecke algebras. Mem. Am. Math. Soc, 435:158 p., 
1990. 

[Rau09] Martin Raum. Elementary divisor theory for the modular group over 
hermitian fields and definite quaternion algebras. arXiv:0907.2762vl 
[math.NT], 2009. 



10 



